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Abstract
We classify the foliations associated to Hamiltonian vector fields on C2, with an isolated singularity,
admitting a semi-complete representative. In particular we also classify semi-complete foliations associated
to the differential equation x¨ + f (x) = 0.
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1. Introduction
The definition of a semi-complete vector field relatively to an open set U is introduced in [5].
The importance of that definition is that:
Proposition 1. [5] Let X be a complete holomorphic vector field on M . The restriction of X
to any connected, (relatively compact) open set U (U ⊆ M) is a semi-complete vector field
relatively to U .
So, if a holomorphic vector field on an open set U is not semi-complete it cannot be extended
to a compact manifold containing U .
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there exist symplectic ones (for example, the linear flow on the complex torus). As symplec-
tic vector fields are locally Hamiltonian, it is important to study the semi-completeness of
Hamiltonian vector fields in a neighbourhood of an isolated singularity, or better, the semi-
completeness of representatives of foliations associated to Hamiltonian vector fields in a neigh-
bourhood of the singularity.
In this paper we prove:
Theorem 1. Let F be the foliation associated to a Hamiltonian vector field XH on (C2,0) with
an isolated singularity at the origin and such that J 20 XH = 0, where H is the Hamiltonian associ-
ated to X. Then F admits a semi-complete representative, in a neighbourhood of the singularity,
if and only if H is stably R-equivalent to A1, A2, A3 or D4.
The problem of explosion of Hamiltonian vector fields in finite time had already been studied
by Fornaess and Grellier, but they considered vector fields in real time. Fornaess and Grellier
proved:
Theorem 2. [3] There is a dense family in the space of holomorphic functions on C2 such that the
correspondent holomorphic Hamiltonian vector fields, with respect to the standard holomorphic
symplectic form, has a dense set of points with exploding orbits.
Vector fields in real time are always semi-complete [7, p. 210]. Obviously complete vector
field in complex time implies complete in real time which also implies complete in positive time.
However, under suitable conditions on the domain (always verified for Cn) any R+ complete
holomorphic vector field is C complete [1]. So, in a sense, our result complements their result.
The differential equations of type x¨ + f (x) = 0, or the Hamiltonian vector field X =
y ∂
∂x
− f (x) ∂
∂y
, model mechanical and physical problems (many of them defined on compact
manifolds); if the vector field is not semi-complete the solution cannot be defined for all the
time.
In this article we also prove:
Theorem 3. The foliation associated to the holomorphic vector field X = y ∂
∂x
−f (x) ∂
∂y
, f ∈O1,
f (0) = 0, admits a semi-complete vector field as representative in a neighbourhood of the origin
if and only if f ′(0) = 0 or X is analytically equivalent to 2y ∂
∂x
− 3x2 ∂
∂y
, i.e., the corresponding
Hamiltonian is stably R-equivalent to A1 or to A2.
2. Preliminaries—definitions and basic results
We say that two holomorphic vector fields X and Y are analytically conjugated in a neigh-
bourhood of p if there exists a holomorphic diffeomorphism H : (V ,p) → (U,p) such that
Y = (DH)−1(X ◦ H). We say that X and Y are analytically equivalent if X is analytically con-
jugated to f Y , for some holomorphic function f verifying f (p) = 0. They define the same
foliation, in a neighbourhood of a point p, iff there exists a holomorphic function f , with
f (p) = 0, such that X = f Y .
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an open subset of M . We say that X is semi-complete relatively to U if there exists a holomorphic
application
Φ :Ω ⊆ C ×U → U,
where Ω is an open set containing {0} ×U such that
(a) Φ(0, x) = x ∀x ∈ M,
(b) X(x) = d
dT
∣∣∣∣
T=0
Φ(T ,x),
(c) Φ(T1 + T2, x) = Φ
(
T2,Φ(T1, x)
)
, when the two members are defined,
(d) (Ti, x) ∈ Ω and (Ti, x) → ∂Ω ⇒ Φ(Ti, x) → ∂U.
We call Φ the semi-complete flow associated to the vector field X.
We say that FX , the foliation associated to X, is semi-complete if it admits a semi-complete
representative and that X is complete if Ω = C ×M .
We can also define R (R+) complete vector fields substituting R (R+) for C in the last defin-
ition.
To each one of the regular orbits of X, L, we can associate a holomorphic differential 1-form,
dTL, such that dTL(X) = 1.
Proposition 2. [6] Let X be a holomorphic vector field defined on an open set U . Suppose that
for all regular orbits L of X and every c : [0,1] → L such that c(0) = c(1) the integral of dTL
over c is nonzero. Then the vector field X is semi-complete relatively to U .
In [2], Rebelo and Ghys classified the semi-complete vector fields X, on C2, with an isolated
singularity at p verifying J 1pX = 0:
Theorem 4. [2] Let X be a semi-complete vector field defined on a complex surface with an
isolated singularity at p and such that J 1pX = 0. Then there exists a neighbourhood U of p such
that, in local coordinates, X is analytically conjugated to one of the following vector fields:
(1) X1 = x2 ∂
∂x
− y(nx − (n+ 1)y) ∂
∂y
, where n ∈ N0,
(2) X2 = x(x − 2y) ∂
∂x
+ y(y − 2x) ∂
∂y
,
(3) X3 = x(x − 3y) ∂
∂x
+ y(y − 3x) ∂
∂y
,
(4) X4 = x(2x − 5y) ∂
∂x
+ y(y − 4x) ∂
∂y
.
Semi-complete nilpotent vector fields were also classified:
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origin. If X is semi-complete in some neighbourhood U of the origin then X is analytically
conjugated to one of the following vector fields:
(1) Y1 =
(
2y − x2) ∂
∂x
+ 2xy ∂
∂y
,
(2) Y2 = (3y − x2) ∂
∂x
+ 4xy ∂
∂y
,
(3) Y3 = 2y ∂
∂x
− 3x2 ∂
∂y
,
(4) Y4 = (y − 2x2) ∂
∂x
− 2xy ∂
∂y
.
It is important to remember that:
Theorem 6. [5] If X is a holomorphic vector field on C2 with an isolated singularity at p and
such that J 2pX = 0, then X is not semi-complete in any neighbourhood of the singularity.
3. Hamiltonian vector fields
From now on we assume that XH on (C2,0) is a holomorphic Hamiltonian vector field with
an isolated singularity at the origin, where H is the corresponding Hamiltonian function. Taking
account of Theorem 6, we assume J 20 XH = 0 or, equivalently, J 30 H = 0.
Lemma 1. Let XH be a Hamiltonian vector field on C2. Then fXH is a Hamiltonian vector field
iff f is a first integral of XH .
Proof. Let XH be a Hamiltonian vector field on C2 and Y = fXH (f ∈O2). Suppose that Y is
also a Hamiltonian vector field (Y = YG). Then
Gx = fFx, Gy = fFy ⇒ fxFy + fFxy = fyFx + fFxy
⇒ fxFy − fyFx = 0,
i.e., f is a first integral of XH . 
So, if XH is semi-complete then every Hamiltonian representative of FXH is also semi-
complete [2]. However, we are interested on foliations associated to Hamiltonian vector fields
instead of the Hamiltonian vector fields themselves: the difference between two representatives
of the same foliation is, basically, its parametrization in function of time.
Remark 1. If XH is a Hamiltonian vector field then Y , analytically conjugated to XH , is not in
general a Hamiltonian vector field, but FY admits a Hamiltonian representative. Moreover, the
first nonzero jet of XH is Hamiltonian.
This property is important for the classification of foliations associated to Hamiltonian vector
fields: they are not well behaved relatively to conjugation but their foliations are.
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of FXH are symmetrical. In this way, we have to separate the Hamiltonian vector fields in three
distinct classes: the eigenvalues are nonzero; the eigenvalues are both zero, but J 10 XH = 0; and
J 10 XH = 0, but J 20 XH = 0.
3.1. The eigenvalues are nonzero
The existence of a semi-complete representative of the foliation F , associated to Hamiltonian
vector fields with nonzero eigenvalues, is an immediate consequence of:
Theorem 7. [6] Let X be a vector field with an isolated singularity at the origin of C2 and such
that DX(0) has nonzero eigenvalues. Then FX admits a semi-complete representative.
The representative of F that is semi-complete does not have necessarily to be Hamiltonian.
By the way, the one presented in the proof of Proposition 7 is not in general Hamiltonian.
The eigenvalues of XH are nonzero iff |D2H(0)| = 0, which means that H is stably
R-equivalent to A1.
3.2. The eigenvalues are both equal to zero, but J 10 XH = 0
In this case, FXH is semi-complete iff XH is analytically equivalent to Y1, Y2, Y3 or Y4 (The-
orem 5).
If XH is analytically conjugated to Yi then there exists g, with g(0,0) = 0, such that gYi is a
Hamiltonian vector field (Remark 1).
Y1 and Y3 are Hamiltonian vector fields with Hamiltonian functions H1(x, y) = y2 − x2y and
H3(x, y) = y2 − x3, respectively.
The vector field Y2 is not a Hamiltonian vector field. We will prove that there is no holo-
morphic function g, g(0,0) = 0, such that gY2 is Hamiltonian: H2(x, y) = y(y − x2)2 is a first
integral of Y2, and if F is another first integral of Y2 then F = H(y(y − x2)2) for some holo-
morphic function H of one variable; this implies that both components of gY2 are divisible by
y − x2, as the reader can check by computing Fx and Fy , contradicting the fact that gY2 has an
isolated singularity.
Finally, let us consider the vector field Y4 which is not Hamiltonian. We can easily verify that
the curves y = 0 and y = x2 are holomorphic invariant curves of the foliation, and so H(x,y) =
y−2(y − x2) is a meromorphic first integral. All curves {y − x2 − ky2 = 0: k ∈ C}, an infinite
number, are separatrices of Y4. Thus foliation associated to Y4 does not admit any Hamiltonian
representative.
The last result can be expressed in terms of the Hamiltonian functions in the following way:
Corollary 1. Any holomorphic germ of function H at (C2,0), whose foliation associated to XH
admits a semi-complete representative is given by Hj ◦F , where j = 1,3, F ∈O2 and F ′(0) = 0.
The Hamiltonians H1 and H3 are stably R-equivalent to A3 and A2, respectively.
3.3. J 10 XH = 0 but J 20 XH = 0
FX is semi-complete if and only if X is analytically equivalent to Xi , for some i = 1,2,3 or 4
(Theorem 4).
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g(0,0) = 0. In particular, J 20 (gXi) = g(0)Xi is Hamiltonian. But only X2 is a Hamiltonian vec-
tor field (H2(x, y) = xy(x − y)). Thus XH is analytically equivalent to X2.
It allows us to classify geometrically all foliations associated to a Hamiltonian vector fields
XH such that J 10 XH = 0 but J 20 XH = 0 admitting a semi-complete representative.
Proposition 3. Let XH be a Hamiltonian vector field on (C2,0) with an isolated singularity at
the origin and such that J 10 XH = 0 but J 20 XH = 0. Then the foliation associated to XH admits a
semi-complete representative if and only if it has exactly 3 holomorphic separatrices with distinct
tangents at the origin.
Proof. The separatrices of FX2 are given by H−12 (0): {x = 0}, {y = 0} and {x = y}. So, if XH
is semi-complete then admits 3 holomorphic separatrices with different tangents at the origin.
Suppose now that XH admits 3 holomorphic separatrices with different tangents at the ori-
gin. As C{x, y}, the set of holomorphic functions on C2, is a unique factorization domain,
H = uf1f2f3, where u is a unit and f1, f2 and f3 are holomorphic irreducible functions
({f1 = 0}, {f2 = 0} and {f3 = 0} are the separatrices of XH ).
In this case FJ 20 XH has 3 distinct straight lines as separatrices, or equivalently, J
2
0 XH has
an isolated singularity at the origin: as the tangents at the origin are distinct, the Hamiltonian
function associated to J 20 X is equal to k(x − αy)(x − βy)(x − γy), where k ∈ C \ {0}, α, β , γ
are distinct constants in C and, consequently, J 20 X has three distinct separatrices and an isolated
singularity.
Lemma 2. Let YG be a homogeneous Hamiltonian vector field of degree 2 on C2. Then YG is
analytically equivalent to X2 iff the origin is an isolated singularity of YG (geometrically, YG
has 3 distinct straight lines as separatrices).
Thus we can assume that J 1f1 = x, J 1f2 = y and J 1f3 = x − y.
Lemma 3. There exists holomorphic functions g and h such that g(0) = 1 = h(0) and
gf1 − hf2 = f3.
Denote gf1 and hf2 by h1 and h2, respectively. Then
H = vh1h2(h1 − h2),
where v = u
gh
is such that v(0,0) = u(0,0) = 0. In coordinates (w, z) = K(x,y) =
(v1/3h1, v1/3h2) (K is a diffeomorphism), H is written as
H(w,z) = wz(w − z) = F(w, z)
which means that XH is analytically equivalently to X2. 
Those Hamiltonians are obviously stably R-equivalent to D4.
Corollary 2. All homogeneous Hamiltonian vector fields of degree 2 with an isolated singularity
are semi-complete in a neighbourhood of the singularity.
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Proof of Lemma 2. G is a homogeneous polynomial of degree 3 and, up to a change of
coordinates, can be decomposed in a product of linear terms of the form G(x,y) = (x − α1y)×
(x − α2y)(x − α3y).
Suppose that αi = αj for some i = j . Then ∂G∂x and ∂G∂y have x − αiy as common factor. So Y
is not analytically equivalent to X2.
Suppose now that αi = αj . In coordinates (u, v) = (x − α1y, x − α2y), G is written in the
form
G = α3 − α2
α1 − α2 uv
(
u− α3 − α1
α3 − α2 v
)
,
where, by assumption, α3−α2
α1−α2 and
α3−α1
α3−α2 are well defined and nonzero and, making a linear
change of variable, G turns into H2. 
Proof of Lemma 3. Let f1, f2 and f3 be such that J 1f1 = x, J 1f2 = y and J 1f3 = x − y. By
the Weierstrass Preparation Theorem [4], f1, f2 and f3 can be written in the forms
f1(x, y) =
(
x + ynh1(y)
)
F1(x, y),
f2(x, y) =
(
y + xmh2(x)
)
F2(x, y),
f3(x, y) =
(
x − yh3(y)
)
F3(x, y),
where hi,Fi ∈ O2, n,m  2, F1(0,0) = F2(0,0) = F3(0,0) = h3(0) = 1, h1(0) = 0 and
h2(0) = 0.
We want to prove that there exists g and h ∈ O2 such that g(0,0) = 1 = h(0,0) and
gf1 − hf2 = f3. This is equivalent to solve the equation
g
(
x + ynh1
)
F1 − h
(
y + xmh2
)
F2 = (x − yh3)F3
or, by equating the coefficients of x and y, the system{
gF1 − xm−1hh2F2 = F3,
hF2 − yn−1h1gF1 = h3F3.
Its solution is given by⎧⎪⎪⎪⎨
⎪⎪⎪⎩
g(x, y) = F3(x, y)(1 + x
m−1h2(x)h3(y))
F1(1 − xm−1yn−1h1(y)h2(x)) ,
h(x, y) = F3(x, y)(h3(y)+ y
n−1h1(y))
F2(x, y)(1 − xm−1yn−1h1(y)h2(x)) .
Obviously g and h are holomorphic in a neighbourhood of the origin and satisfy g(0,0) =
F3(0,0)
F1(0,0) = 1 and h(0,0) =
F3(0,0)h3(0)
F2(0,0) = 1. 
4. The differential equations of type x¨ + f (x) = 0
Consider the differential equation x¨ + f (x) = 0 or, equivalently, the vector field XH =
y ∂
∂x
− f (x) ∂
∂y
. We assume that the origin is a singular point of X (otherwise the system would
be analytically conjugated to the semi-complete vector field ∂
∂x
). On the other hand, f ≡ 0 guar-
antees that the origin is an isolated singularity.
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eigenvalues of DXH(0) are nonzero and symmetrical and so, the foliation associated to XH
is semi-complete (Corollary 7).
Suppose now that f ′(0) = 0 (XH is nilpotent). Then, FXH is semi-complete iff XH is analyt-
ically equivalent to Y1 or Y3 (Section 3.2).
If XH is analytically equivalent to Y1 then X˜H , the blow-up of XH at the singularity, is
analytically equivalent to Y˜1, the blow-up of Y1. In particular, J 20 X˜H is analytically equivalent to
X3 (J 20 Y˜1 analytically conjugated to X3).
Take X˜H = tx ∂∂x + (xp(x)− t2) ∂∂t . If p(0) = 0, X˜H is still a nilpotent and, consequently, not
analytically equivalent to X3. So let p(0) = 0.
As the origin is not an isolated singularity of J 20 X˜H (= tx ∂∂x + (bx2 − t2) ∂∂t ) for b = 0, we
assume that b = 0.
If J 20 X˜H is analytically conjugated to a multiple of X3 by F = (F1,F2) then F ∗ωJ 20 X˜H ∧
ωX3 ≡ 0, where ωJ 20 X˜H = tx dt + (t
2 − bx2) dx.
Take F(x, t) = (αx + βt, γ x + ηt). The only solution of F ∗ω
J 20 X˜H
∧ ωX3 ≡ 0 verify-
ing αη − βγ = 0 is given by {γ = η, b = 2 η2
β2
, α = −β}, where |DF(0)| = ±2
√
2
b
η. But
(DF)−1(J 20 X˜H ◦ F) = rX3, for some r ∈ C, only if η = 0. Thus J 20 X˜H is not analytically
equivalent to X3.
Y3 is itself a Hamiltonian vector field of the given type and the result follows. 
When we blow-up a vector field we should take two charts: y = tx and x = uy. In the last
proof we took only one chart. However, it is easy to verify that if J 10 X = y ∂∂x then the vector
field in the coordinates (u, y) do not have any singularity along the divisor {y = 0}.
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